Abstract. Let M be a one-holed torus with boundary @M (a circle) and ? the mapping class group of M xing @M . The group ? acts on M C (SU (2)) which is the space of SU(2)-gauge equivalence classes of at SU(2)-connections on M with xed holonomy on @M . We study the topological dynamics of the ?-action and give conditions for the individual ?-orbits to be dense in M C (SU(2)).
The moduli space M(SU(2)) has an interpretation that relates to the representation space Hom( 1 (M); SU(2)) which is an a ne variety. The group SU(2) acts on Hom( 1 (M); SU(2)) by conjugation, and the resulting quotient space is precisely M(SU(2)) = Hom( 1 (M); SU(2))= SU(2): Conceptually, the moduli space M(SU(2)) relates to the semi-classical limit of Y M 2 (SU(2)).
Assign each i a conjugacy class C i SU(2) and let C = fC 1 ; C 2 ; :::; C m g: De nition 1.1. The relative character variety with respect to C is M C (SU(2)) = f ] 2 M(SU(2)) : ( i ) 2 C i ; 1 i mg:
The space M C (SU (2) ) is compact, but possibly singular. The set of smooth points of M C (SU(2)) possesses a natural symplectic structure ! which gives rise to a nite measure on M C (SU(2)) (see 2, 3, 5] ).
Let Di (M; @M) be the group of di eomorphisms xing @M. The mapping class group ? is de ned to be 0 (Di (M; @M)). The group ? acts on 1 (M) xing the i 's. It is known that ! (hence ) is invariant with respect to the ?-action. In 2] , Goldman showed that with respect to the measure , Theorem 1.2 (Goldman) . The the mapping class group ? acts ergodically on M C (SU(2)).
Since M C (SU (2)) is a variety, one may also study the topological dynamics of the mapping class group action. The topological-dynamical problem is considerably more delicate. To begin, not all orbits are dense in M C (SU (2) The proof of Theorem 1.3 consists of two steps. The rst is purely topological-dynamical in nature, concerning the case when the ?-orbit is in nite. The second step deals with the cases where the ?-orbits are potentially nite and involves the theory of trigonometric Diophantine equations. All in all, the proof is a delicate interplay of ideas in geometric invariant theory 6, 7] , topological dynamics, and Diophantine equations. Incidentally, the proof also yields the well-known result that the only proper closed subgroups SU(2) are the closed subgroups of Pin(2) and the double covers of the automorphism groups of the Platonic solids.
The following conjecture is the analogue of Theorem 1.2 in the category of topological dynamics. Theorem 1.3 is a major stepping stone in the search of a proof for this conjecture. Conjecture 1.4. Suppose that M is a Riemann surface with boundary and 2 Hom( 1 (M); SU(2)) such that ( 1 (M)) is dense in SU (2) . Then the ?-orbit of the conjugacy class ] 2 M C (SU(2)) is dense in M C (SU(2)).
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Coordinates on the Moduli Space
For the rest of this paper, x M to be a torus with one boundary component. We write E for M(SU(2)) and E k for M C (SU(2)) such that k = tr(C), where C is the sole element in C. In this section, we brie y summarize some general properties of E. Consult 2] for details. 
The trace of every element in SU (2) With respect to the global coordinate, the actions of X and Y can be described explicitly:
X (x; y; z) = (x; z; xz ? y) Y (x; y; z) = (z; y; yz ? x):
The action of X xes x and k, and preserves the ellipse E x;k = fxg f(y; z) : This implies that the image of is abelian, hence, is contained in Spin(2). where x = 2 cos( ). If x 6 = 2, then k 6 = 2 and is not a Spin (2) representation. Since global coordinates are unique,
Thus, is a Pin(2) representation but not a Spin (2) ( A = r + si + 
The Irrational Rotations and Infinite Orbits
The Dehn twist Y acts on the (transformed) subsets E y;k via a rotation of angle cos ?1 (y=2). The y-coordinates that yield nite orbits under Y create a ltration as follows: Let Y n (?2; 2) such that y 2 Y n implies that if (x; y; z) 2 E are global coordinates of a representation class, then the Y -orbit of (x; y; z) is periodic with period greater than one but less than or equal to n. This > 0 and (x ; y ; z ) 2 E k which does not correspond to a Pin(2) representation class. Since cos ?1 (x 0 =2) is an irrational multiple of , X acts on the (transformed) subset of E x 0 ;k , by an irrational rotation. By the compactness of E k , there exists a y-value, y 1 6 = y and > 0 such that E y ;k is in the -neighborhood of E y 1 ;k and 0 < < d(E y 1 ;k ; E y ;k ): We rst consider the special case where there exists an integer J such that the y-coordinate of J X (x 0 ; y 0 ; z 0 ) is strictly between y 1 and y . Since cos ?1 (x 0 =2) is an irrational multiple of ; there are in nitely many integers J i such that the y-coordinate of J i X (x 0 ; y 0 ; z 0 ) is strictly between y 1 and y . Choose J i such that the y-coordinate of ( X ) J i (x 0 ; y 0 ; z 0 ) is not in Y M( ) . By the triangle inequality, there is some point on the Y -orbit of ( X ) J i (x 0 ; y 0 ; z 0 ) that is at most 2 from (x ; y ; z ):
We now prove the proposition in general. Since (x ; y ; z ) satis es equation (1) and is not a Pin(2) representation class, E y ;k is a circle.
Hence, we must have that (0; y ; z 0 ) 2 E y ;k for some z 0 6 = 0. Therefore, there exists x 2 6 = 0 such that E x 2 ;k intersects E y ;k :
Choose 0 = N( )+2 . By the ltration X n ; the set X M( 0 ) contains all x-values that have the following properties:
1. E x;k intersects E y ;k 2. There is a point in E x;k whose X -orbit has at most N( ) points with distinct y-coordinates between y 1 and y . Note that the x-coordinate of Y ( X ) J (x 0 ; y 0 ; z 0 ) is the z-coordinate of ( X ) J (x 0 ; y 0 ; z 0 ): Since cos ?1 (x 0 =2) is an irrational multiple of ;
there is an in nite sequence of numbers J i such that jx J i j < jx 2 j, where x J i is the the x-coordinate of Y ( X ) J i (x 0 ; y 0 ; z 0 ). This forces E x J i ;k to intersect E y ;k . Of these, choose J such that x J is not in X M( 0 ) : Thus, the X -orbit of Y ( X ) J (x 0 ; y 0 ; z 0 ) has at least N( ) + 1 points with distinct y-coordinates between y 1 and y . Now at most N( ) values of y yield Y -orbits that are not -dense. Thus, there exists a point (x;ŷ;ẑ) on the X -orbit of Y ( X ) J (x 0 ; y 0 ; z 0 ) such thatŷ is between y 1 and y , moreover, the Y -orbit of (x;ŷ;ẑ) is -dense. Since the -neighborhood of Eŷ ;k covers E y ;k , some point in the Y -orbit of (x;ŷ;ẑ) comes within 2 of (x ; y ; z ): Finally, by Corollary 3.4, the set of Pin (2) Then the ?-orbit of (x 0 ; y 0 ; z 0 ) is dense in E k .
Proof. Let (x 0 ; y 0 ; z 0 ) 2 E k have in nite ?-orbit and (x ; y ; z ) 2 E k which does not correspond to a Pin(2) representation class.
There are two cases. One possibility is that the ?-orbit O has an in nite number of points on some circle E y;k (respectively, E x;k ). Hence,
there is an in nite number of points on O \ E y;k that have distinct xcoordinates. However, a priori, these points may not be dense in E y;k :
One uses the in nite number of points on O \ E y;k with distinct xcoordinates as in the proof of Proposition 4.2.
The other possible case is that no circle E x;k (or E y;k ) has an innite number of points on O: As in the previous case, there are an in nite number of points on the ?-orbit of (x 0 ; y 0 ; z 0 ) having distinct x-coordinates. The proof again follows similarly to the proof of Proposition 4.2.
5. Trigonometric Diophantine Equations It remains for us to classify the nite ?-orbits. These orbits exist and can be constructed by taking G representation classes where G is a closed proper subgroup of SU(2) as described in Section 3.
The problem amounts to considering cases where the rotations generated by X and Y are both rational. In such cases, an additional iteration is made as follows. By assumption, both cos ?1 (x=2) and cos ?1 (y=2) are rational multiples of . Also, cos ?1 (z=2) is a rational multiple of since the x-coordinate of Y (x; y; z) is z. Since X (x; y; z) = (x; z; xz?y), in order for the orbit to be nite, cos ?1 ( xz?y A symmetric argument shows that if two terms appearing in equation (3) cancel one another, then k = 2: For the remainder of this paper, we assume that (x; y; z) 2 E does not correspond to a Pin(2) representation class. This implies that k 6 = 2. Suppose x = 0. Then y; z must both be non-zero by Proposition 3.3. The point Y (0; y; z) = (z; y; yz) has all non-zero entries. Therefore, Remark 5.2. Assume that all coordinates of (x; y; z) 2 E k are nonzero.
Equation (2) is an at most four-term Diophantine equation, the solutions to which are few as shown by Conway and Jones. The non-zero cosine terms in equation (2) are not necessarily in (0; =2). By applying the identities cos( =2 ? t) = ? cos( =2 + t) and cos( ? t) = cos( + t), we derive from equation (2) (2) representation class and with x; y; z all non-zero. Suppose that the ?-orbit of (x; y; z) is nite and that some angle in equation (2) or equation (3) is an integer multiple of . Then (x; y; z) is S-equivalent to a triple appearing in Table 1 .
Proof. By the assumption k 6 = 2, the only way that equation (2) Table 1 .
(B) Two terms in equation (4) Note that all above triples belong to an S-equivalence class appearing in Table 1 . Again, the S-equivalence classes of these triples appear in Table 1. A similar argument holds if some angle in equation (3) is an integer multiple of , i.e. y = z:
Henceforth, we assume that all angles in non-zero cosine terms appearing in equation (2) Proposition 6.1. Let (x; y; z) 2 E k with x; y; z non-zero. Then the ?-orbit of (x; y; z) is in nite or there is 2 ? such that (x; y; z) is S-equivalent to a triple in Table 1 .
An immediate consequence of Proposition 6.1 is, Corollary 6.2. Suppose (x; y; z) is a C or D representation class, but not a Pin(2) representation class. Then there exists 2 ? such that (x; y; z) is in one of the S-equivalence classes in Table 1 .
The proof of Proposition 6.1 presented here is lengthy and highly computational. We begin by outlining the overall strategy. Consider all triples (x; y; z) that arise from the solutions of equation (2) provided by Theorem 5.5. For a triple (x; y; z) to have a nite ?-orbit, the fourterm trigonometric equations that arise from repeated applications of X or Y must have solutions provided by Theorem 5.5 or violate the hypotheses of Theorem 5.5. We prove Proposition 6.1 by showing that all triples (x; y; z) that arise from the solutions of equation (2) Table 1 or have an in nite ?-orbits.
In the above symmetric (dual-symmetric) pairs, we have y = x and z = 1: The X preimage of (x; x; 1) is (x; As in the previous case, the last two pairs together with their dual, symmetric, and dual-symmetric pairs yield triples (or triples whose X preimage) are either S-equivalent to those appearing in Table 1 or have in nite ?-orbits. The argument for the rst two pairs is also similar to that in the previous case. For the other three equations, we simply list the solutions ( x ; y ; z ) in their respective category. For simplicity, we do not list the solutions correspond to the Pin(2) representations and those with one global coordinate equal to zero. Note that the complete set of solutions include the dual, symmetric, and dual-symmetric solutions in the rst and third coordinates to those listed below. cos( =5) ? cos(2 =5) ? cos( =3) = 0
